
�—ä@æi@ô�íà@óîíäbq@ @
pb�ïá©a@óibïä@ @

bîŠíÜbÙjÝÜ@‡yí¾a@��íÜa@çbznàfia@|ïz—m@ @
@óî†bÉÜa@òŠì‡Üa2010@ @

óïšbîŠ@ãíÝÈ@bîŠíÜbÙi@óïäbrÜa@ @
@ˆ@Z�n©@æi@�a‡jÈ@ @

 
� ßìÿa@æî‹ánÜaßìÿa@æî‹ánÜaßìÿa@æî‹ánÜaßìÿa@æî‹ánÜaZZZZ 
M ßìÿa@ö�§aZ 
���� óÈíá�a@†ì�ä] [I 0;= +∞ðÝ‚a‡Üa@kïØ�Üa@çíäbÕi@∗@ðÝî@b·@Ó‹É¾a@Z 
ÞÙÜ( ), I Ia b ∈ ×@Z@( ) ( )ln .lna ba b e∗ =N@@ @

1(−�ÞÙÜ( ), I Ia b ∈ ×@båî‡Ü@L@@Z@ @
( ) ( )

( ) ( )

ln .ln

ln .ln       

       

a b

b a

a b e

e

b a

∗ =

=
= ∗

@ @

���� çíäbÕÜa@çˆg∗@ðÜ†bjm@N 
ÞÙÜ( ), , I I Ia b c ∈ × ×@båî‡Ü@L@Z@ @

( ) ( ) ( )ln .lna b ca b c e ∗∗ ∗ =@ @
@çc@b·@ì@Z( ) ( ) ( )ln ln .lna b a b∗ =@çhÐ@L@Z@ @

( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( )

( )

ln .ln .ln

ln . ln .ln

ln .ln

               

               

               

a b c

a b c

a b c

a b c e

e

e

a b c

  

  

∗

∗ ∗ =

=

=
= ∗ ∗

@ @

���� çíäbÕÜa@çˆg∗@ðÉïá¤@N@ @
2(−@båî‡Ü@@ZIe∈ÞÙÜ@ì@L@Ia∈Z@@ @

( ) ( )

( ) ( )

ln .ln

ln

  

         ln 1

       

a e

a

a e e

e e

a

∗ =

= =
=

@ @

a@ìçíäbÕÜ∗@çˆg@L@ðÜ†bjm@@Z( )I ,a a e e a a∀ ∈ ∗ = ∗ =N@@ @

���� ìçhÐ@êåà@çíäbÕÜa@∗À@a‡îb«@a‹—åÈ@ÞjÕî@I@íè@eN@@ @
3(−���−�ÞÙÜaì@bæà@{ }I 1−@båî‡Ü@L@@Z( )ln 0a ≠@ì@( )ln 0b ≠N@@ @

@çˆg@Z( ) ( )ln .ln 1a be ≠N@@ @
ÞÙÜ@çhÐ@êåà@ìaì@bæà@{ }I 1−@Z@{ }I 1a b∗ ∈ −N@@ @

çˆg∗À@ðÝ‚a†@kïØ‹m@çíäbÔ@{ }I 1−N@@ @
À@a‡îb«@a‹—åÈ@ÞjÕî@ì@ðÉïá¤@ì@ðÜ†bjm@êäc@b·@ìIíè@eì@{ }I 1e∈ −@ @

jm@b›îc@êähÐ@íè@a‡îb«@a‹—åÈ@ÞjÕî@ì@ðÉïá¤@ì@ðÜ†beÀ@{ }I 1−N@@ @
@‹—åÈ@ÞØ@çc@µjä@çc@ðÕiaæà@{ }I 1−À@þqb¿@ÞjÕî@{ }( )I 1 ,− ∗N@@ @

ÞÙÜbæà@I@båî‡Ü@L@Z@ @
( ) ( )

( ) ( )

( ) ( ) ( )( )

( )

ln .ln

1
ln

             ln .ln 1

1
             ln     1 ln 0

ln

             

a b

a

a b e e e

a b

b a a
a

b e

∗ = ⇔ =
⇔ =

⇔ = ≠ ⇒ ≠

⇔ =

@ @

@çc@b·@ì@Z{ }( ) ( ) { }
1

lnI 1 , I 1aa e∀ ∈ − ∈ −@I@@çÿ@Z( )
1

0
ln a

≠@H@ @

‹—åÈ@ÞØ@çhÐaæà@{ }I 1−À@þqb¿@ÞjÕî@{ }( )I 1 ,− ∗@íè@@Z( )
1

ln' aa e=N@@ @

���� çˆg{ }( )I 1 ,− ∗@óïÜ†bjm@ò‹àŒ@N 

�−çc@µjä@] [J 1;= +∞ò‹à�ÝÜ@óï÷�u@ò‹àŒ@{ }( )I 1 ,− ∗N@@ @
@båî‡Ü@Z1e >@çˆg@Je∈N@@ @

@çhÐ@êåà@ì@ZJ≠ ∅N@@ @



æî‹—åÈ@ÞÙÜaì@bæà@J@båî‡Ü@L@@@Z( ) ( )'ln .ln' a b
a b e∗ =@@ @

@çc@b·@ì@Z( )
1

ln' bb e=@çhÐ@@Z( ) ( )
' 1

ln
ln

b
b

=@ @

@çˆg@Z( ) ( )
' 1

J ln 0
ln

b b
b

∈ ⇒ = >ì@( )J ln 0a a∈ ⇒ >@ @

@çhÐ@êåà@ì@Z( ) ( )'ln .ln
1

a b
e >@çc@ôåÉ·@@Z' Ja b∗ ∈N@@ @

���� çˆg] [J 1;= +∞ò‹à�ÝÜ@óï÷�u@ò‹àŒ@{ }( )I 1 ,− ∗N@ 

4(−óÈíá�a@†ì�ä@] [I 0;= +∞çíäbÕÜbi@×@I@À@l‹›ÜaℝH@@ @
��−�çíäbÕÜa@çc@µjä∗ôÝÈ@ðÉîŒím@×À@IN@@ @

ÞÙÜ@L@çc@µjä@çc@ðÑÙîaì@bì@cæà@I@Z@( ) ( ) ( )a b c a b a c∗ × = ∗ × ∗N@@ @
çíäbÕÜa@çÿ∗@ðÜ†bjm@N@ @

@båî‡ÜZ@ @

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

ln .ln

ln . ln ln

ln .ln ln .ln

ln .ln ln .ln

               

               

               

               

a b c

a b c

a b a c

a b a c

a b c e

e

e

e e

a b a c

×

 + 

+

∗ × =

=

=

= ×
= ∗ × ∗

@ @

���� çˆg∗ôÝÈ@ðÉîŒím@×À@IN@@ @
�−çc@µjä@( )I, ,× ∗@ðÜ†bjm@â�u@N@ @

@båî‡ÜZ@( )I,×@íè@‡îb�a@bè‹—åÈ@óïÜ†bjm@ò‹àŒ@1N@@ @

@ì{ }( )I 1 ,− ∗íè@‡îb�a@bè‹—åÈ@óïÜ†bjm@ò‹àŒ@b›îc@eN@@ @
çíäbÕÜa@çc@b·@ì∗ôÝÈ@ðÉîŒím@×À@I@çhÐ@L@Z@ @

���� ( )I, ,× ∗@ðÜ†bjm@â�u@N@ @

M Üa@ö�§aðäbrZ 

óÐíÑ—¾a@�nÉä
1 1 2

1 1 2

2 2 0

A

− 
 = − − 
 − − 

N@@ @

1(−�@båî‡Ü@Z2

1 1 4 1 1 4 2 2 4 4 0

1 1 4 1 1 4 2 2 4 4 0

2 2 2 2 4 4 0 0 0

A

− + − + − +   
   = − + − − + − − = − −   
   − + − + −   

@ @

@ì3 2

1 1 2 4 4 0 0 0 0

1 1 2 4 4 0 0 0 0

2 2 0 0 0 0 0 0 0

A A A

−     
     = × = − − × − − =     
     − −     

N@@ @

2(−�@çc@b·@Z2A A θ× =@ì@A θ≠@ì@2A θ≠@I@sïyθ@óà‡Éå¾a@óÐíÑ—¾a@ðè@H@ @
óÐíÑ—¾a@çhÐAÕÝ¨a@À@‹Ñ—ÝÜ@â�bÔó( )( )3 , ,Μ + ×ℝN@@ @

çˆgAÀ@kÝÕÝÜ@óÝibÔ@�Ì@( )( )3 , ,Μ + ×ℝN@@ @
���� @óïäbq@óÕî‹�Z 

óÐíÑ—¾a@oäbØ@íÜAÀ@biíÝÕà@ÞjÕm@( )( )3 , ,Μ + ×ℝóÐíÑ—à@p‡uíÜ@B@æà@

( )( )3 , ,Μ + ×ℝ@sï¢@@ZIA B B A× = × =@I@I@ò‡yíÜa@óÐíÑ—¾a@ðè@H@ @
@çˆg@Z3 2 IA B A× = ×@çc@ôåÉ·@@Z2A θ=@ @

@çÿ@aÔbåm@a‰è@ì@Z2A θ≠N@@ @
� ðäbrÜa@æî‹ánÜaðäbrÜa@æî‹ánÜaðäbrÜa@æî‹ánÜaðäbrÜa@æî‹ánÜaZZZZ 
 
1(−���−@@ñ‡ÕÉÜa@†‡ÉÝÜ@µÉi‹¾a@æîŠ‰§a@†‡z�ä@Z3 4i+N@@ @

@båî‡Ü@Z( )
( )

22

2

3 4 4 4 1

         2 2 2

         2

i i

i i

i

+ = + −

= + × +

= +

@ @

���� ß@µÉi‹¾a@æîŠ‰§a@çˆg3 4i+@báè@@Z2 i+@ì@2 i− −N@@ @



�−�À@Þz�äℂ@óÜ†bÉ¾a@@Z( ) 2: 4 10 7 0z iz iΕ − − − =@ @
@íè@‹—nƒ¾a@bè�ï¿@Z@ @

( ) ( )2' 5 4 7

    25 28 4

    3 4

i i

i

i

∆ = − − − −
= − + +
= +

@ @

ß@µÉi‹¾a@æîŠ‰§a@‡yc@çc@b·@ì'∆@íè@@Z2 iδ = +@ @
���� óÜ†bÉ¾a@ðÝy@çhÐ( )Ε@báè@Z 

1

5 2 1 3

4 2 2

i i
z i

+ += = +@ì@( )
2

5 2 1

4 2

i i
z i

− + −= = +N@@ @

2(−�@båî‡Ü@@Z1

2
a i

−= + @ì1 3

2 2
b i= +N@@@ @

��−�@çc@b·@Z1 2

2

i
a

− +=@@ì1 3

2

i
b

+=@çhÐ@@Z@ @

( )( )
( )

( )

2 2

1 3

1 2
1 3 1 2

   
1 2

1
   1 6 5

5
   1

b i

a i
i i

i

i

+=
− +
− + +

=
− +

−= − +

= −

� �

�−@båî‡Ü@Z@ @

( )1
           

1 1
           

1
           

B A

O A

z z b a

z z a

a i a

a
i

i

− −=
− −

− −
=

−
− −=
−

=

@ @

g@çˆZ@( ) [ ],
2

AO AB
π π≡

���� ����
@ì@AO AB=@ @

���� sÝr¾a@çc@ôåÉ·AOBÀ@óîìa�Üa@â÷bÔ@ì@µÔb�Üa@ñìb�nà@ON@ 

3(−���−æÙïÜ@R@ófÕåÜa@ë�Ø‹à@ñ‰Üa@çaŠì‡Üa@( )C c@I@sïyc a≠@H@ênîìaŒì
2

π@@ @

æÙnÜ@ìΤ@óévn¾a@paˆ@óyaŒfia@( )AO a−
����

N@@ @
@båî‡Ü@Z@ @

( ) ( )
( )

( )

( )

2

                

                1

1 3
               1

2

i
D R B d c e b c

d c i b c

d ib c i

i
d i c i

π

= ⇔ − = −

⇔ − = −

⇔ = + −
+⇔ = + −

@ @

@çˆg@Z( )3
1

2

i
d i c

− += + −N@@ @

@ì

( )

( )

( )

1 2

2

               

               

3
               1

2
1 2 3

               1
2 2

i
a

L D DL AO

l d a

l d a

i
l i c a

i i
l i c

− +=

= Τ ⇔ =
⇔ − = −
⇔ = −

− +⇔ = + − −

− − +⇔ = + + −

���� ����

@ @

@çˆg@Z( )1
1 1

2
l i i c= − − + −@N@ @

knÙä@l−�ج c

a c

−
−

@ñ�§a@ÞÙ“Üa@ôÝÈ@N@ @



@çc@b·Z@( )1
1 1

2
l i i c= − − + − @çhÐ@Z1

1
2

l c i ic− = − − −@ @

@çˆg@Z( )1

2
l c i i c i a c − = − − = − 

 
@ @

@çc@ôåÉ·@Zl c
i

a c

− =
−

N@@ @

���� @ÚÜ‰i@çíÙî@ìsÝr¾aACLófÕåÜa@À@óîìa�Üa@â÷bÔ@ì@µÔb�Üa@ñìb�nà@CN@ 

� brÜa@æî‹ánÜabrÜa@æî‹ánÜabrÜa@æî‹ánÜabrÜa@æî‹ánÜasÜsÜsÜsÜZZZZ 
1(−�@óÕî‹�@óÕî‹�@óÕî‹�@óÕî‹�01ZZZZ@ @@ @@ @@ @

ÞÙÜm∈ℕ@båî‡Ü@L@@Z[ ] [ ] [ ]( )2 21 0 5 4 5   1 4 5m m+ ≡ ⇔ ≡ − ≡N@@ @

ß@óî‡ïÝÔÿa@óá�ÕÜa@ðÔaíi@ßì‡u@öô“åä@âq2môÝÈ@5Z@@ @
4@ @3@ @2@ @1@ @0@ @m ≡@ @
1@ @4@ @4@ @1@ @0@ @2m ≡@ @

@çhÐ@êåà@ì@Z@ @

[ ] [ ] [ ]( )2 4 5 2 5  ou 3 5m m m≡ ⇔ ≡ ≡@ @

���� @çˆg@Z[ ] { }2 1 0 5 5 2;5 3/m m k k k+ ≡ ⇔ ∈ + + ∈ℕN@ 

@óÕî‹�@óÕî‹�@óÕî‹�@óÕî‹�02ZZZZ@ @@ @@ @@ @

ÞÙÜm∈ℕ@båî‡Ü@L@@Z

[ ] [ ]
[ ]

( )( )

2 2

2

1 0 5 4 5

                    4 0 5

                    5/ 2 2

m m

m

m m

+ ≡ ⇔ ≡

⇔ − ≡

⇔ − +

N@@@@@@ @

çc@b·@ì5@çhÐ@L@ðÜìc@†‡È@@Z@ @

( )( ) ( ) ( )
[ ] [ ]
[ ] [ ]

5/ 2 2 5/ 2  5/ 2

                            2 5  2 5

                            2 5  3 5

m m m ou m

m ou m

m ou m

− + ⇔ − +

⇔ ≡ ≡ −

⇔ ≡ ≡

@ @

���� @çˆg@Z[ ] { }2 1 0 5 5 2;5 3/m m k k k+ ≡ ⇔ ∈ + + ∈ℕN@@ @

@óÕî‹�@óÕî‹�@óÕî‹�@óÕî‹�03ZZZZ@ @@ @@ @@ @

çc@b·5çhÐ@ðÜìc@†‡È@( ), ,5 + ×ℤ
ℤ

@óÝàbØ@óÕÝy@@I@â�u@Hg@L@çˆZ@ @

[ ] ( ) ( )
{ }

2 1 0 5 2 2 0

                    2;3 2

m m m

m

+ ≡ ⇔ − × + =

⇔ ∈ = −
@ @

���� @çˆg@Z[ ] { }2 1 0 5 5 2;5 3/m m k k k+ ≡ ⇔ ∈ + + ∈ℕN@ 

2(−æÙïÜ@p@sï¢@bïÜìc@a†‡È@@Z3 4p k= +@Êà@k ∈ℕ@I@3p ≥H@@ @

æÙïÜ@ìn∈ℕ@sï¢@@Z[ ]2 1 0n p+ ≡N@@ @

��−�@båî‡Ü@Z[ ] [ ]2 21 0 1n p n p+ ≡ ⇔ ≡ −@ @

@çˆg@Z( ) ( ) [ ]1 2 1 22 1
k k

n p
+ +≡ −@çc@ôåÉ·@@Z( ) [ ]1 22 1

k
n p

+
≡ −N@@ @

�−�@çc@µjä@Z1n p∧ =@I@@ìŒíi@óåè�à@ÞáÉn�äN@H@ @

@båî‡ÜZ�

[ ]
( )
( )

2 2

* 2

*

1 0 / 1

                     / 1

                     / 1

n p p n

k n kp

k kp n n

+ ≡ ⇔ +

⇔ ∃ ∈ + =

⇔ ∃ ∈ − × =

ℕ

ℕ

� �

@çˆg@Z( ) 2, / 1u v up vn∃ ∈ + =ℤ@sïy@@Zu k=@ì@v n= −N@@ @
���� @ìŒíi@óåè�à@k�y@çhÐ@êåà@ìnì@p@báéåïi@báïÐ@çbïÜìc@N 
çc@b·@Z1n@�−�ج p∧ =@ì@p@bà�Ð@óåè�à@k�y@çhÐ@L@kuíà@ðÜìc@†‡È@Z@ @

[ ]1 1pn p− ≡N@@ @

@çc@sïuì@Z3 4p k= +@çhÐ@@Z( )1 2 4 2 1 2p k k− = + = +@ @

@çˆg@Z( ) [ ]2 1 2 1kn p+ ≡@çc@ôåÉ·@@Z( ) [ ]1 22 1
k

n p
+

≡N@@ @

]�ðÉïj�@|ïz–@†‡È@‡uì@aˆgn@sï¢@@Z−د ]2 1 0n p+ ≡@çhÐ@L@Z@ @

@óéu@æà@Z( ) [ ]1 22 1
k

n p
+

≡ −@çc@ñc@@Z( ) [ ]1 22 1
k

n p p
+

≡ −N@@ @



@õ‹‚c@óéu@æà@ì@Z( ) [ ]1 22 1
k

n p
+

≡@@ @
@ì1 1p − ≠@çÿ@@Z3 1 2p p≥ ⇒ − ≥N@@ @

@a‰è@ì@æÙ¿@�Ì@I@êäÿZ@( ) { }( ) [ ], ! 0,1,2,3,..., 1 /a r n a r n∀ ∈ ∃ ∈ − ≡ℤH@@ @

ðÉïj�@|ïz–@†‡È@ñc@‡uíî@ý@çˆgn@sï¢@Z[ ]2 1 0n p+ ≡N@ @
� Üa@æî‹ánÜaÜa@æî‹ánÜaÜa@æî‹ánÜaÜa@æî‹ánÜaÊia‹Êia‹Êia‹Êia‹ZZZZ 

-I@óÜa‡Üa@�nÉäóî†‡ÉÜa@fôÝÈ@óÐ‹É¾a@[ [0;+∞@ðÝî@b·@@Z( ) 2

4 xf x xe−=N@@ @
1(− @óîbéåÜa@k�®@@Z( )lim

x
f x

→+∞
N@@ @

ÞÙÜ*x +∈ℝ@båî‡Ü@L@@Z( ) 224 xf x x e
x

−= ×N@@@ @

@çc@b·@ì@Z4
lim 0
x x→+∞

=@ì@
22lim lim 0x t

x t
x e te−

→+∞ →−∞
= − =@ @

@çhÐ@Z( )lim 0
x

f x
→+∞

=I@ôåzå¾a@( )CŠaí¡@ÞjÕî@+∞ênÜ†bÉà@bïÕÐc@biŠbÕà@0y = NH@ @

2(−óÜa‡Üa@fôÝÈ@×bÕn’flÜ@óÝibÔ@[ [0;+∞@I@×bÕn’flÜ@µnÝibÔ@µnÜa†@Ší—Ô@öa‡u@béäÿ@ @
ôÝÈℝ@HÞÙÜ@ì[ [0;x∈ +∞@@L@båî‡ÜZ@ @

( ) ( )

( ) ( )

2 2

2

2

'' 2

2

4

         4 1 2

         4 1 2 1 2

x x

x

x

f x e x x e

e x

x e x

− −

−

−

 = + −  

 = − 

= + −

@ @

@çc@b·@ì[ [( ) ( ) 2

0; ,4 1 2 0xx x e−∀ ∈ +∞ + >@çhÐ@Z@ @

( )' 1 2sg f x sg x   = −   pa�Ím@ßì‡u@ì@L@f@ðÝî@báØ@Z@ @

0                            22                            +∞ �x �

                            2
2

e
�

0 �������������������������������������������������������������� 0�

�

f �

�
� �

3(−�@båî‡Ü@Z( )' 0 4df =@ðè@âÝÉ¾a@Þ–c@À@‘bá¾a@Ò—åÜ@óïmŠbÙî†@óÜ†bÉà@çˆg@L@Z@ @
4

0

y x

x

=
 ≥

@N@@ôåzå¾a@ì( )C@ðÝî@báØ@Z@ @

@ @
4(−�@ÞàbÙnÜa@k�®@Z( )1

0
a f x dx= ∫@båî‡Ü@L@@Z@ @

( )

( )

2

2

2

1

0

1 '2

0

1

0

1

2 2

  2

  2

  2 1

1
  2 1

x

x

x

a xe dx

x e dx

e

e

e

−

−

−

−

= − −

= − −

 = −
 

= − −

 = − 
 

∫

∫

@ @

ðè@óyb�¾a@÷ÝïÔ@ò‡yì@çc@b·@ì24cm@Ší—�a@ñín�¾a@�ï¨a@óyb�à@çhÐ@L@

ôåzå¾a@µi( )CâïÕn�¾a@ì@âÝÉ¾a@ñŠí«@ì@1x =@ðè@@Z1
4 8 1a

e
 = − 
 

N@@ @



-IIæÙïÜ@{ }1n∈ −ℕì@nfôÝÈ@óÐ‹É¾a@óÜa‡Üa@[ [0;+∞@ðÝî@b·@Z@ @

( ) 2

4 n x
nf x x e−=N@@ @

1(−���−ÞÙÜ@] [1;x∈ +∞@båî‡Ü@L@@Z2x x>@çˆg@@Z2x x− < −@ @

@óÜa‡Üa@ì@Ztt e֏ôÝÈ@bÉfÔ@óî‡îa�m@ℝ@çˆg@L@@Z
2x xe e− −<N@@ @

�−�@ôÝÈ@Þ—®@L@óÕib�Üa@óvïnåÜa@ßbáÉn�biZ@ @
] [( ) ( )1; ,0 4 n x

nx f x x e−∀ ∈ +∞ < <� �

@ì@Êšíi@Zt x= −@çhÐ@L@@Z( )4 4 1
nn x n tx e t e− = −@ @

@çˆg@Z( )2

lim 4 lim 4 1 0
nn x n t

x t
x e t e−

→+∞ →−∞
= − =@I@( )lim 0

n t

t
t e

→−∞
=H@@ @

@çhÐ@ðÜbnÜbi@ì@Z( )lim 0nx
f x

→+∞
=N@@ @

2(−�óÜa‡ÜanfôÝÈ@×bÕn’flÜ@óÝibÔ@[ [0;+∞ÞÙÜ@ì@L@[ [0;x∈ +∞@båî‡Ü@L@Z@ @

( ) ( )

( )( )

2 2

2

2

'' 1 2

1 2

1

4

          4 2

          4 2 2

n x n x
n

n x

n x

f x nx e x x e

x e n x

x e n x n x

− − −

− −

− −

 = + −  

 = − 

= + −

@ @

���� óÜa‡Üa@pa�Ím@ßì‡unf@ðÝî@báØ@Z 
 
 
 
 
 
 

 

3(−�@çc@b·@Z2n ≥@çhÐ@@Z2

2

n ≥1@çˆg@L@@Z[ ] 2
0;1 0;

2

n 
⊂  
 

@ @

óÜa‡Üa@çhÐ@êåà@ìnfßb�a@ôÝÈ@bÉfÔ@óî‡îa�m@[ ]0;1ßb�a@a‰è@ôÝÈ@óÝ—nà@béäc@b·@ì@@ @

ìbåî‡Ü@Z@@[ ]( ) 4
0;1 0;nf e

 =   
@ì@4

1 0;
e

 ∈  
@çÿ@@Z4e <@ @

@óÜ†bÉá�Üa@çhÐ@Z( ) 1nf x =@a‡ïyì@þy@ÞjÕm@nußb�a@ð�Ð@] [0;1N@@ @

0                              22
n                               +∞ @x @

                            ( )24
n

n
e @
@

0                                                                      0@

@
nf @
@

4(−���−�@båî‡Ü@Z( ) ( ) ( )2

1 4 1n
n u

n n nf u u e−= ⇔ =@ @

@çˆg@Z

( ) ( ) ( )

( ) ( )

2

2

1

1 4

             4

             1

n

n

n u
n n n

n u
n n

n

f u u e

u u e

u

+ −
+

−

=

 =   

= ×

N@@@ @

@êåà@ì@Z( ) ( )12 ; n n nn f u u+∀ ≥ =N@@ @
�−�@båî‡Ü@Z( ) ( )1 1 11n n n n nf u u f u+ + += > =@ @

óÜa‡Üa@ì1nf +ßb�a@ôÝÈ@bÉfÔ@óî‡îa�m@] [0;1@I@] [0;1nu ∈@ì@] [1 0;1nu + ∈H@@ @
@çˆg@Z1n nu u+ >óïÜbnn¾a@çc@ôåÉ·@( ) 2n n

u
≥

@bÉfÔ@óî‡îa�m@N@ @
†‡ÉÜbi@òŠíjÙà@béäc@b·@ì1@óiŠbÕnà@béähÐ@N@ @

5(−�@Ê›äZ@lim nn
L u

→+∞
=N@@ @

���−  @çc@b·@Z( )2 ,0 1nn u∀ ≥ < <@ì( ) 2n n
u

≥
óiŠbÕnà@ì@bÉfÔ@óî‡îa�m@@ @

@bénîbéä@çhÐL@ÖÕ¥@@Z0 1L≤ ≤@ì@20 u L< <@ @
@çˆg@Z0 1L< ≤N@@ @

��−  ÞÙÜ2n ≥@båî‡Ü@L@@Z@ @

( ) ( ) ( )

( ) ( )

( ) ( )

( ) ( )

2

2

2

2

1 4 1

                4

                ln 4

                ln 4 ln

n

n

n u
n n n

n u
n

n

n n

n n

f u u e

u e

u u

n u u

−= ⇔ =

⇔ =

 ⇔ =
 

⇔ + =

 

@çc@b·@ìZ@] [0;1nu ∈@çhÐ@@Z( )2
0 1nu< <@ @

@çc@ñc@Z( ) ( )0 ln 4 ln 1nn u< + <@ @

@çˆg@Z( ) ( )ln 4 1
0 ln nu

n n
< + <@ @

���� @çhÐ@ðÜbnÜbi@ì@Z( ) ( ) ( ) ( )ln 4 ln 41
2 ; ln nn u

n n n
∀ ≥ − < < −N@@ @



çc@b·@Zlim@�−�ج nn
u L

→+∞
=sïy@] ]0;1L∈@ @

@ìñ�jåÜa@ânîŠbÌíÝÜa@óÜa†lnð�Ð@óÝ—nà@L@çhÐ@L@@@Z( ) ( )lim ln lnnn
u L

→+∞
=@ @

@båî‡Ü@õ‹‚c@óéu@æà@ì@Z( ) ( ) ( ) ( )ln 4 ln 41
2 ; ln nn u

n n n
∀ ≥ − < < −@ @

@çc@b·@ì@Z( ) ( )ln 4 ln 41
lim lim 0
n nn n n→+∞ →+∞

 
− = − = 

 
@çhÐ@@Z( )lim ln 0nn

u
→+∞

=@ @

@çc@çˆg@wnån�ä@Z( )ln 0L =@çc@ôåÉ·@@Z1L =N@@ @
� ©a@æî‹ánÜa©a@æî‹ánÜa©a@æî‹ánÜa©a@æî‹ánÜa÷àb÷àb÷àb÷àbZZZZ 

óî†‡ÉÜa@óÜa‡Üa@�nÉäFôÝÈ@óÐ‹É¾a@*
ℝ@ðÝî@b·@@Z( ) ( )

2

2

1

ln 1

x

x
F x dt

t
=

+∫N@@ @

1(−�ÞÙÜ*x∈ℝ@båî‡Ü@L@@Z*x− ∈ℝ@@ì( ) ( )
2

2

1

ln 1

x

x
F x dt

t

−

−
− =

+∫@ @

@Êšíi@ÚÜˆ@ì@�Ín¾a@�ïÍni@óÝàbÙà@ßbáÉn�bi@ì@Zu t= −@çhÐ@ç@Z@ @

( )
( )( )

( )
( )

2

2

2

2

1

ln 1

1
           

ln 1

           

x

x

x

x

F x du
u

du
u

F x

−− =
+ −

= −
+

= −

∫

∫@@LóÜa‡Üa@çˆgF@óî†‹Ð@N@ @

2(−ÞÙÜ@] [0;x∈ +∞@Ê›ä@L@@Z( ) ( )21

1

ln 1

x
x dt

t
ϕ =

+∫N@@ @

��−�ÞÙÜ] [0;x∈ +∞@båî‡Ü@L@Z@

( ) ( ) ( )

( ) ( )
( ) ( )

1 2

2 21

2

2 21 1

1 1

ln 1 ln 1

1 1
        

ln 1 ln 1

        2

x

x

x x

F x dt dt
t t

dt dt
t t

x xϕ ϕ

= +
+ +

= −
+ +

= −

∫ ∫

∫ ∫ 

�−�@óÜa‡Üa@çc@b·@Z( )2

1

ln 1
x

t+
֏ßb�a@ôÝÈ@óÝ—nà@] [0;+∞@çhÐ@L@Z@ @

@óÜa‡ÜaZ@( )21

1
:

ln 1

x
x dt

t
ϕ

+∫֏ôÝÈ@×bÕn’flÜ@óÝibÔ@] [0;+∞@båî‡Ü@ì@Z@ @

] [( ) ( ) ( )
'

2

1
0; ,

ln 1
x x

x
ϕ∀ ∈ +∞ =

+
N@@ @

���� @óÜa‡Üa@ì@Z( ): 2g x xϕ֏ôÝÈ@×bÕn’flÜ@óÝibÔ@bèŠì‡i@] [0;+∞@kØ‹áØ@

µnÜa‡Üa2x x֏@ì@( ): x xϕ ϕ֏ôÝÈ@×bÕn’flÜ@çbnÝibÕÜa@] [0;+∞N@@ @

@båî‡Ü@ì@Z] [( ) ( ) ( ) ( ) ( )
'' '

2

2
0; , 2 2

ln 1 4
x g x x x

x
ϕ∀ ∈ +∞ = × =

+
@ @

���� çhÐ@L@ðÜbnÜbi@ìFôÝÈ@×bÕn’flÜ@óÝibÔ@] [0;+∞µnÜa‡Üa@ËíáváØ@ϕì@g@

ÕÜaôÝÈ@×bÕn’flÜ@µnÝib] [0;+∞@ì@Z 

] [( ) ( ) ( ) ( )
'

2 2

2 1
0; ,

ln 1 4 ln 1
x F x

x x
∀ ∈ +∞ = −

+ +
N@@ @

[�ÞÙÜ−�ج [0;x∈ +∞@båî‡Ü@L@Z@ @

( ) ( ) ( )
( ) ( )
( ) ( )
( ) ( )

2 2

'

2 2

22 2

2 2

2ln 1 ln 1 4

ln 1 ln 1 4

ln 1 ln 1 4
         

ln 1 ln 1 4

x x
F x

x x

x x

x x

+ − +
=

+ × +

 + − +  =
+ × +

� �

@çc@b·@ìZ@21 1x+ >ì@21 4 1x+ >@çhÐ@@Z( ) ( )2 2ln 1 ln 1 4 0x x+ × + >@ @

@ @



���� ÞÙÜ] [0;x∈ +∞@båî‡Ü@L@Z@@ @

( ) ( )

( )( )

2' 2 2

2 4 2

4 2

2

0 1 1 4

               1 2 1 4

               2 0

               2 2 0

               2

F x x x

x x x

x x

x x x

x

= ⇔ + = +

⇔ + + = +
⇔ − =

⇔ + − =

⇔ =

@ @

( )' 0 2;F x x  > ⇔ ∈ +∞ ì@( )' 0 0; 2F x x  < ⇔ ∈  @ @

óÜa‡Üa@çˆgF@ôÝÈ@bÉfÔ@óî‡îa�m@2; +∞ ôÝÈ@bÉfÔ@óï—Ôbåm@ì@0; 2 
 N@@ @

3(−���−�æÙïÜ] [0;x∈ +∞@@båî‡Ü@L[ ] ] [;2 0;x x ⊂ +∞@N@ @
@ìóÜa‡Üaϕ@óÝ—nà@ôÝÈ@×bÕn’flÜ@óÝibÔ@ì@] [0;+∞@óÝ—nà@ðéÐ@çˆg@L@ôÝÈ@

[ ];2x xôÝÈ@×bÕn’flÜ@óÝibÔ@ì@] [;2x xN@@ @
Öïjfni@ìóïénå¾a@pa‡îa�nÜa@óåè�à@@êähÐ@L@Z@ @

] [ ( ) ( ) ( ) ( )';2 / 2 2c x x x x x x cϕ ϕ ϕ∃ ∈ − = −@ @

@çc@ôåÉ·@Z( ) ( )2ln 1

x
F x

c
=

+
N@@ @

��−  @çc@b·Z@] [;2c x x∈@çhÐ@L@@Z2 2 21 1 1 4x c x+ < + < +@ @
óÜa‡Üa@ìlnôÝÈ@bÉfÔ@óî‡îa�m@] [0;+∞@çˆg@L@Z@ @

( ) ( ) ( )2 2 2ln 1 ln 1 ln 1 4x c x+ < + < +@ @

@êåà@ì@Z( ) ( ) ( )2 2 2

1 1 1

ln 1 4 ln 1 ln 1x c x
< <

+ + +
@ @

À@ómìbÑn¾a@ë‰è@Óa‹�c@l‹›i@ìx@çhÐ@Z@ @

( ) ( ) ( )2 2ln 1 4 ln 1

x x
F x

x x
< <

+ +
N@@ @

[båî‡Ü@Z@�−�ج [( ) ( ) ( )2
0; ,

ln 1 4

x
x F x

x
∀ ∈ +∞ >

+
@ @

@ì( ) ( )
2

2 2

1 4

4ln 1 4 ln 1 4

x x

xx x
= ×

+ +
@ @

@çc@b·@ì@Z( ) ( )
2

20 0

4
lim lim 1

ln 1ln 1 4x t

x t

tx+ +→ →
= =

++
I@( )

0

ln 1
lim 1
t

t

t+→

+
=H@ @

@ì
0

1
lim

4x x+→
= +∞N@@ @

@çhÐ@Z( )
0

lim
x

F x
+→

= +∞N@@ @

���� @ì@õ‹‚c@óéu@æà@Z 

( ) ( )

( )

2

2 2 2

2 2

2 2

1 4

ln 1 4 2 1 4 ln 1 4

1 1 4
                

2 1 4 ln 1 4

x x x

x x x

x x

x x

+= ×
+ + +

+= ×
+ +

@ @

@çc@b·@ì@@Z( ) ( )
2

2

1 4
lim lim

lnln 1 4x t

x t

tx→+∞ →+∞

+ = = +∞
+

@ @

@ì
2

2

1 1
lim

2 1 4 4x

x

x→+∞
=

+
@ @

çhÐ@Z@( )lim
x

F x
→+∞

= +∞N@@ @

���� @båî‡Ü@Z( ) ( )
( )

( )2 2

1 1
0 ,

ln 1 4 ln 1

F x
x

xx x
∀ > < <

+ +
@ @

@çc@b·@ì@Z( ) ( )2 2

1 1
lim lim 0

ln 1 4 ln 1x xx x→+∞ →+∞
= =

+ +
@çhÐ@@Z( )

lim 0
x

F x

x→+∞
=@ @



)çc@b@Z@·�−د ) ( ) ( ) ( )2 2
0 ,

ln 1 4 ln 1

x x
x F x

x x
∀ > < <

+ +
@ @

���� çhÐ@óéu@æà@@Z( ) ( )
1

1 1
ln 1 1

e
F e e

e

−− < = −
+ −

 

���� @õ‹‚c@óéu@æà@ìZ 

1 1 1
12 22ln 1 4

4

e e e
F

e

 − − −> =  −   + × 
 

N@@ @

���� óÜa‡Üa@�nÉäGôÝÈ@óÐ‹É¾a@] [0;+∞@ðÝî@b·@@Z( ) ( )G x F x x= − 

GôÝÈ@×bÕn’flÜ@óÝibÔ@] [0;+∞@ì@Z@ @

] [( ) ( ) ( ) ( )
'

2 2

2 1
0; , 1

ln 1 4 ln 1
x G x

x x
∀ ∈ +∞ = − −

+ +
@ @

���� @båî‡Ü@Z

( ) ( ) ( ) ( )
'

2 2 2

1 1 1
1

ln 1 4 ln 1 ln 1 4
G x

x x x

   
   = − + −
   + + +   

 

@çbØ@aˆg@ì1

2

e
x

−>@çhÐ@@Z21 4x e+ >@ @

@çˆg@Z( )2

1
1 0

ln 1 4x
− <

+
@ @

@çc@b·@ì@Z( ) ( ) ( )2 2

1 1
0 , 0

ln 1 4 ln 1
x

x x
∀ > − <

+ +
@ @

@çhÐ@Z( )'1
, 0

2

e
x G x

 −∀ > < 
 

@ @

óÜa‡Üa@çˆgGb�a@ôÝÈ@bÉfÔ@óï—Ôbåm@ß1
;

2

e − +∞ 
 

N@@ @

@båî‡Ü@ìZ@1 1 1
0

2 2 2

e e e
F G
   − − −> ⇒ >   
   

@ @

@ì( ) ( )1 1 0F e e G e− < −1⇒ − <N@@ @

@óÜ†bÉ¾a@çˆg@Z( ) 0G x =@ñc@@Z( )F x x=@@ßb�a@ôÝÈ@a‡ïyì@þy@ÞjÕm@

1
;

2

e − +∞ 
 

N@@ @

���� ßb�a@ôÝÈ1
0;

2

e −
 
 

óÜa‡Üa@F@bÉfÔ@óï—Ôbåm@N 

@çÿ@Z1
0; 0; 2

2

e −  ⊂   
 

ì@FôÝÈ@bÉfÔ@óï—Ôbåm@0; 2 
 N@@ @

@çˆg@Z( )1 1
0; ,

2 2

e e
x F x F

    − −∀ ∈ >     
    

@ @

@çc@b·@ì@Z1 1

2 2

e e
F
 − −> 
 

N@@ @

@çhÐ@Z( )1
0; ,

2

e e
x F x x

  − −1∀ ∈ > >    2  
@ @

@ðÜbnÜbi@ì@Z( )1
0; ,

2

e
x F x x

  −∀ ∈ >   
  

N@@ @

���� @ó–þ‚Z 
@óÜ†bÉ¾a@Z( )F x x=a‡ïyì@þy@ÞjÕm@αÀ@] [0;+∞Þ¨a@ì@α@¶g@ðánåî@

@ßb�a1
; 1

2

e
e

 − − 
 

N@@ @


